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ABSTRACT

In this paper,we investigatea two-stagenear-losslesscom-
pressionscheme. It is in the spirit of “lossy plus resid-
ual coding” andconsistsof a wavelet-basedlossylayerfol-
lowedby anarithmeticcodingof thequantizedresidualto
guaranteeagivenL 1 errorboundin thepixel domain.Our
focusis ontheselectionof theoptimumbit ratefor thelossy
layer to achieve the minimum total bit rate. Unlike other
similarlossypluslosslessapproachesusingawavelet-based
lossylayer, theproposedmethoddoesnot requireiteration
of decodingandtheIWT(InverseWaveletTransform)to lo-
catetheoptimumbit rate. We proposea simplemethodto
estimatetheoptimalbit rateandprovide a theoreticaljusti-
�cation for it. It is basedonthe`critical rate'argumentfrom
theRate-Distortiontheoryand`whiteness'of theresidual.

1. INTRODUCTION

We considera near-losslesscoding problem with a two-
stagecoder [1], wherethe amountof distortion, as mea-
suredby the maximum allowable deviation of pixel val-
ues, is guaranteedquantitatively. The �rst stageconsists
of a wavelet-basedlossycodersuchasSPIHT. For thesec-
ond stage,we usean arithmeticcoderto encodethe resid-
ual. Sinceit is dif�cult to derive a meaningfulrelationbe-
tweendistortionsin the pixel domainandthe wavelet do-
main in theL 1 error sense,pixel domaintechniquessuch
aspredictive codinghave beenthe mostpopularchoicein
practice. Furthermore,sinceprediction-basedcodersare
very competitive in losslessandhigh bit-ratecoding, it is
expectedto be so in many near-losslesscodingscenarios,
wherethe maximumpixel-domainerror speci�ed by L 1

norm (hereafterdenotedas� )is small. Unfortunately, this
is no longer true when� getslarger as the quality of pre-
diction deteriorates.Also, predictive codersdo not offer
theadvantageof progressive transmissionaswith wavelet-
basedcoders. Thus it is highly desirableto combinethe
advantagesof bothworldsso thatwe canprovide thecon-
venienceof embeddedbit-streamalongwith theguaranteed
maximumdistortionin the L 1 sensein pixel domain. In-
deed,therehave beenvariousattemptsat achieving sucha

goal in the near-lossless/losslesscodingproblem. In [1],
the authorscomparevariousnear-losslessschemeswith a
focusonthewavelet-basedtwo-stagescheme.A similarap-
proachis takenin [2]. Marpeet al. [3] alsoproposeto use
atwo-stagewavelet-packetbasedapproachto lossy/lossless
coding. However, noneof the aforementionedworks ad-
dressesthe problemof bit rateassignmentexcept through
exhaustive searchby repeatedlyencodingthe residualsat
everypossiblelossylayercodingrate.

We elaborateon the choiceof ef�cient bit rateassign-
ment for the wavelet-based�rst-stage lossy-layercoderin
thetwo-stagenear-losslesssetting.It doesnot directly rely
on any analyticalmodel for the source,yet works reason-
ably well for most real sources.In Section2, we explain
the structureof the near-losslesscodingschemewe used.
In Section3, we discussthe modellingof the reconstruc-
tion error from the �rst stagelossycoder. In Section4,we
proposeasimplebit rateassignmentschemewhenanarith-
meticcoderis usedfor residualcoding.Section5 provides
comparisonswith othernear-losslesscoders, andSection6
concludesthepaper.

2. A TWO-STAGE NEAR-LOSSLESSCODER

Figure1showsablockdiagramof thetwo-stagenear-lossless
coderproposedin this paper. Let I andI l ossy representthe
original imageand the lossy reconstruction,respectively.
Thentheerrore = I � I l ossy is quantizedasfollows:

eq� idx = b
e+ �
2� + 1

c; if e> 0

eq� idx = b
e � �
2� + 1

c; if e< 0

wherethemaximumamountof deviation from theoriginal
pixel, i.e. boundon the error magnitudeis indicatedby �
andthequantizationindex is representedby eq� idx . In the
two-stagescheme,I l ossy is transmittedasthelossylayerand
losslesslycodedqunatizationindex, eq� idx;coded , is sentas
theresiduallayer.
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Fig. 1. Block diagramof thetwo-stagenear-losslesscoder

3. MODELLING THE RESIDUALS

3.1. Modelling the residualswith GGD's

It is well-known thatwaveletcoef�cients arewell-modelled
by aGeneralizedGaussianDistribution (GGD).Sincelarge
coef�cients areencoded�rst in typical waveletcoders,it is
expectedthatthedistributionof theencodingresidualin the
waveletdomainwill still �t well into a GGD (usuallywith
shortertail than the wavelet coef�cient itself). Indeed,it
wasobservedthroughnumerousexperimentsthattheresid-
ualsbothin thepixel andthewaveletdomainscouldberea-
sonablywell-modelledby GGD's.

A GGDf (x) is de�ned asfollows:

f (x) = ae�j bxj c
(1)

,wherea � bc
2�(1 =c) , b � 1

�

q
�(3 =c)
�(1 =c) , �() is the Gamma

function, c is theshapeparameterand� is thestandardde-
viation of thesource.Thusa GGD is completelyspeci�ed
by � andc. Heretheshapeparameterc for a randomvari-
ableX canbeestimatedusingthefollowing equation.

c = G� 1 (� ) (2)

whereG(x) � �(2 =x )p
�(1 =x )�(3 =x )

, � � E ( jX j )
� is a normalized

MAV(MeanAbsoluteValue).

3.2. Critical rate and residualdistrib utions

Figure2 shows the standarddeviation(STD)andthe mean
absolutevalue(MAV) of the wavelet andthe pixel domain
residualsas functionsof the lossy layer coding rate. We
can seethe meanabsolutevalue of the encodingresidual
distribution in both domainsconverge asthe lossybit rate
increases.Sinceweuseda 9/7biorthogonal�lter , it did not
exactlypreservetheencodingresidualvariancebetweenthe
two domains,but they werevery close. Correspondingly,
theshapeparametersalsoconvergedasis evidentfrom (2).
Sincea GGD is completelyspeci�ed by its varianceand
shapeparameter, this meanstheencodingresidualsin both
domainsconverge in distribution. (SeeFigures2 and 3.)

In fact, the lossy layer codingratewherethe residualdis-
tributionsconvergevariesdependingon a particularsource
to be codedand is thought to be relatedwith the `criti-
cal rate' phenomenon.For mostsources,it canbe argued
that above a certain`critical' rate, the encodingresiduals
becomè white'[4, 5]. Also note that the wavelet domain
residualscan be regardedas the wavelet transformof the
pixel domaincounterpart.Sincethepixel domainencoding
residualis white whenthe lossyrateis above the `critical'
rate,wavelet transformingit doesnot changeits zeroorder
entropy[6]. Now, it canbeshown that,givena variance,the
shapeparameterof a GGD is relatedto its zeroorderen-
tropy in aone-to-onemanner. Thustheshapeparametersin
bothdomainswill actuallyconvergewhenthe lossyrateis
above thecritical rateascanbeseenin Figure2.

Next, we want to show the `quantized'versionsof the
encodingresidualsin bothdomainsalsoconverge.Thiswill
providea theoreticaljusti�cation for thebit rateassignment
schemeproposedin the next section. Observe that once
quantizationis performedon theresidualsin bothdomains,
it is no longertruethatoneis obtainedby DWT(or IDWT)
of theother. Furthermore,sincethequantizeddistributions
oftenconvergebefore theoriginal distributionsdo, it is not
truethatwearequantizingthesamedistributions.Thus,it is
not obvious if the `quantized'residualswill alsoconverge.
However, experimentssuggestthat is indeedtrue and the
following argumentsprovideoneway to explain it.

De�nition 1. Re�nement/processingof distrib ution Given
adistributionFX on� ,divide� into k mutuallydisjointsets
X̂ 1; X̂ 2; :::; X̂ k satisfying

� =
S k

i =1 X̂ i .

De�ne anew distributionFX̂ as

FX̂ (X̂ i )=
P

x 2 X̂ i
FX (x)

ThenFX is calleda re�nementof FX̂ andFX̂ is calleda
processingof FX . Thenthereis a well-known fact regard-
ing divergenceof randomvariablesrepeatedbelow for con-
venience.

Lemma 3.1 Let FX̂ and FŶ be the processingof FX and
FY respectively. Then

D(FX jjFY ) � D (FX̂ jjFŶ )

Proof: By log-suminequality,
X

x 2 X̂ i

FX (x)log
FX (x)
FY (x)

� (
X

x 2 X̂ i

FX (x)) log

P
x 2 X̂ i

FX (x)
P

x 2 X̂ i
FY (x)

= FX̂ (X̂ i )log
FX̂ (X̂ i )

FŶ (X̂ i )



Hence,

D(FX jjFY ) =
kX

i =1

X

x 2 X̂ i

FX (x)log
FX (x)
FY (x)

�
kX

i =1

FX̂ (X̂ i )log
FX̂ (X̂ i )

FŶ (X̂ i )

= D(FX̂ jjFŶ )

Theorem3.2 Let X̂ andŶ bethequantizationindicesob-
tainedfromuniform-quantizingtherandomvariablesX and
Y , respectively. (X: wavelet-domainerror residual,Y: pixel-
domainerror residual)ThenFX̂ convergesto FŶ at leastas
fastasFX doesto FY .

Proof: Observe thatquantizationpartitionstheeventspace
of theoriginal randomvariable.Thusthedistributionof the
quantizationindicesis nothingbut a processingof theorig-
inal distribution. SinceD(FX jjFY ) � 0 with equality iff
FX (x) = FY (y) andwe have FX (x)! FY (y), it follows
from lemma 3.1thatFX̂ (x̂) ! FŶ (ŷ) at leastasfastasits
unqunatizedcounterpart.

4. OPTIMAL LOSSY LAYER CODING RATE

Beyondthe`critical rate', thewavelet-basedlossycoder(e.g.
SPIHT)cannothave any advantageover thezero-orderen-
tropy codingin thepixel domainbecausethewavelet/pixel
domainencodingresidualsare(ideally) white. In fact, the
wavelet-basedlossycodersusuallybecomeevenworsethan
thezero-orderentropy codersbecausetheresidualsnolonger
have correlationstructuresthat the wavelet codersattempt
to take advantageof. Thusa typical plot of lossycoding
ratevs. total bit ratehasa `critical rate' wherethetotal bit
ratestartsto increasedueto theinef�ciency of the�rst stage
lossycoderaswecanseefrom theFigure4.

As mentionedin Section 3.2,thezero-orderentropy of
the pixel domainencodingresidualis the sameas that of
the wavelet domaincounterpartbeyond the `critical rate'.
Sincewe have thewaveletdomainresidualin thememory
while progressively encodingthe source,we cancalculate
its zero-orderentropy `onthe�y'. Observe thatwecaniter-
atively updatethezero-orderentropy of thewavelet-domain
(quantized)residualby updatingonly onesymbolfrequency
correspondingto the residualbeingcodedat the moment,
implying virtually no effect on the speedor complexity of
the lossycoder. Also noticethat althoughthe residualsin
bothdomainsdo not have thesamezero-orderentropy be-
low the`critical rate',wecanstill locatethepointwherethe
totalbit rate(=lossylayercodingrate+ residuallayercoding

rate)startsto increase.Notewedonotneedany iterationof
decoding/inversewavelettransform.

5. COMPARISON WITH OTHER CODERS

Table 1 comparesthe performanceof the proposedcoder
with JPEG-LSandthe`SPIHT+Context-AC'(a wavelet-based
two-stagenear-losslesscoderwith a context-basedentropy
codingfor residuals[1]). In termsof PSNR,the proposed
schemealways performedbestfor Lena. As for total bit
rates,wavelet-basedcoderswerebetterthanthe JPEG-LS
evenatthehighbit rates,wherepredictivecodersareknown
to be competitive. Note the extra savings in total bit rates
achieved by the `Context-AC' comeat the expenseof ex-
haustive iteration. Or, the estimatedoptimal ratecould be
usedas a startingpoint to reducethe numberof iterative
searchin casethe`Context-AC' is usedto codetheresidual
for bettercompression.

6. CONCLUSION

In this paper, we proposeda simplemethodof choosingan
optimallossylayercodingratein awavelet-basedtwo-stage
near-losslesscoding.It is baseduponthe`critical rate' phe-
nomenonandworks reasonablywell for mostreal sources
with analmostunnoticeableeffectoncodingspeed/complexity.
Its PSNRandtotal bit rateperformanceswerecomparable
to thoseof othernear-losslesscoders.
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(a) Unquantizedresidual,i.e. � =0
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Fig. 2. Convergenceof residualdistributionsfor Lena,`ratio'= � in (2)
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(a) � =0 , lossylayerrate=0.11
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(b) � =0 , lossylayerrate=0.31
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(c) � =0 , lossylayerrate=0.51

Fig. 3. Residualdistributionsfor Lena

Tolerance Method bpp PSNR
JPEG-LS 2.72 49.90

� = 1 SPIHT+context-AC [1] 2.69 49.89
SPIHT+AC (proposed) 2.77 49.89

JPEG-LS 2.09 45.15
� = 2 SPIHT+context-AC 2.02 45.16

SPIHT+AC 2.12 45.17
JPEG-LS 1.24 37.17

� = 6 SPIHT+Context-AC 0.86 38.54
SPIHT+AC 0.92 38.76
JPEG-LS 1.14 35.99

� = 7 SPIHT+Context-AC 0.73 37.95
SPIHT+AC 0.79 38.27

Table1. Comparisonwith othercodersfor Lena
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